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Abstract. Theformation of spatio-temporal stable patternsisconsidered for areaction-diffusion-convection system
based upon the cubic autocatalator, A + 2B — 3B, B — C, with the reactant A being replenished by the slow
decay of some precursor P viathe simple step P — A. The reaction is considered in a differentia-flow reactor
inthe form of aring. It is assumed that the reactant A isimmobilised within the reactor and the autocatalyst B is
allowed to flow through the reactor with a constant velocity as well as being able to diffuse.

Thelinear stability of the spatially uniform steady state (a, b) = (x~*, 1), wherea and b arethe dimensionless
concentrations of the reactant A and autocatalyst B, and p is a parameter reflecting the initial concentration of
the precursor P, isdiscussed first. It is shown that a necessary condition for the bifurcation of this steady state to
stable, spatially non-uniform, flow-generated patterns is that the flow parameter ¢ > ¢.(u, ) where ¢.(p, A) is
a (strictly positive) critical value of ¢ and X is the dimensionless diffusion coefficient of the species B and also
reflects the size of the system. Values of ¢. a which these bifurcations occur are derived in terms of p and A.
Further information about the nature of the bifurcating branches (close to their bifurcation points) isobtained from
aweakly nonlinear analysis. Thisrevealsthat both supercritical and subcritical Hopf bifurcations are possible. The
bifurcating branches are then followed numerically by means of a path-following method, with the parameter ¢
as a bifurcation parameter, for representatives values of p and A. It isfound that multiple stable patterns can exist
and that it is also possible that any of these can lose stability through secondary Hopf bifurcations. Thistypically
gives riseto spatio-temporal quasi periodic transients through which the system is ultimately attracted to one of the
remaining available stable patterns.

Key words: flow reactor, cubic autocatalator, absolute instability, travelling waves, Stuart-Landau amplitude
equation.

1. Introduction

The interaction of molecular diffusion with nonlinear kineticsin an initially-uniform reacting
chemical system, whichis otherwisetemporally stable, canlead to the uniform state becoming
unstablethrough aTuring or diffusion-driveninstability [1], [2, Sects14.2,14.3], [3, Sect. 6.7]
and [4, Sect.2.2]. In its smplest form this instability requires two species, an activator (or
autocatalytic species) and aninhibitor (whoseroleisto limit the autocatalytic growth) and also
that the diffusion coefficients of these two species should differ (usually considerably), with
that for the inhibitor being larger than that for the activator. The bifurcation from the spatially
uniform stationary state though this instability may give rise to pattern formation, i.e. to
stable, spatially non-uniform configurations of the reaction-diffusion system. The occurrence
of these patterns, originally predicted theoretically, has been verified experimentally [5-7].
They can aso form the starting point through secondary and higher-order bifurcations, for the
development of complex spatio-temporal structures[6, 8-10].

More recently, a reactor has been designed in which the different transport rates for the
activator and inhibitor speciesis achieved by causing these speciesto flow through the reactor
with different velocities [11-13]. This configuration can also give rise to spatialy uniform
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stationary states of the system becoming unstable through what is termed a differential-flow-
induced chemical instability (DIFICI). In this case the new stable structures that arise from
this bifurcation are travelling waves of permanent form propagating with constant velocity.
The interaction between Turing and DIFICI bifurcations has been shown, [14], to produce
complex time dependent spatial structures, including propagating stripes and spots.

Here we consider amodel for the differential-flow reactor based on ‘ cubic autocatal ator’
kineticsin which areactant A isformed at a constant rate from some precursor P, via

P — A rae= koPy, (1.1
with the reactant A and autocatalyst B reacting further according to the scheme

A+ 2B — 3B rate = kiab?, (1.2)

B — C rate = kb, (1.3

(where a and b are the concentrations of chemical species A and B, respectively and kg, P, k1
and x, are all constants).

In this paper, we assume further that reactant A is effectively immobilised within the
reactor. This might be achieved, for example, by creating the reaction domain as a matrix of
small beads, with the reactant A adsorbed into the surface of these. The movement of the
autocatalyst B is considered not to be so constrained and this speciesis madeto flow through
the reactor with aconstant vel ocity « aswell asbeing ableto diffuse (with diffusion coefficient
Dp). Note that we therefore have D > D4, the opposite of the inequality appropriate to
Turing instabilities.

These considerations lead to the reaction-diffusion-advection equations for our model as

Oa

5= koPo — k1ab?, (1.4)
ob b 9%b
5 tug =Dpos+ Kk1ab® — Kob. (1.5)

A detailed derivation of these equations (without the flow term) including a validation of the
pooled-chemical approximation inherent in Equations (1.1)—(1.4) isgivenin [15, 16].

We solve Equations (1.4)—(1.5) subject to periodic boundary conditions at the ends of the
reaction domain x = O and z = [ and to initial conditions which we leave unspecified for the
present. We impose these particular boundary conditions partly for ease in the calculations
described below, which enable considerabl e progressto be made analytically in understanding
thebasic processinvolved, and partly for consistency with [14]. They are also not incompatible
with our model, since we can regard the reaction domain as forming a part of some larger
system in which a moving pattern has been created.

We start by making Equations (1.4)—(1.5) dimensionless and, to do so, we follow [15, 16]
by writing

1/2 12 B
a= <@> a, b= <@> b, 1=k, (1.6)
K1 K1

8
I
~I 8
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This leads to the dimensionless equations, where bars have been dropped for convenience

Oa

L — ab? 17
at /‘L a’ ) ( )
ob 0% 0b
o Vo2 Pgp T b (18)

on0 < z < 1,t > 0, subject to the boundary conditions

{ a(0,t) = a(1,t),a,(0,t) = ax(1,t),. 19)
b(oat) (1 ) ( ):bm(lat)a .
The dimensionless parameters are given by
1/2
= ol <ﬂ> , A= &, b= - (flow parameter). (1.10)
K2 K2 Hzlz kol

A system similar to Equations (1.7)—(1.9) (without the flow term and with reactant A being
allowed to diffuse) has been studied previously [10, 17] and the conditions for the spatial
mode bifurcations to stable patterns were derived. The complex spatio-temporal structures
(including travelling waves and modul ated travel ling waves) which arise through spatial mode
interactions have also been determined.

Equations (1.7)~1.9) have the unique spatially uniform stationary state S = {(a,b) =
(=1, 1)} which is temporally stable for all 4 > 1, [15, 16]. Here we are concerned with
the study of bifurcations from this stabl e state to form new stable spatio-temporal patterns as
the parameter ¢ (which we treat as our bifurcation parameter) is varied. In particular, we are
interested in how the differential flow of reactant and autocatalyst can destabilise S and thus
we restrict our attention to the case 4 > 1.

We begin by analysing the linear stability of the uniform steady state S.

2. Linear stability analysis

To determine the system linearized around S and to deduce its spectrum, which is equivalent
to finding the dispersion relation, we assume that, at ¢ = 0, an initia disturbance of small
amplitude is imposed on the system. We represent this by the initial conditions

1
a(z,0) = — + dap(x)
1% , 0<z<1, (2.1

b(x,0) = p + dbo(x)

where a@g(z), bo(x) are bounded functionson 0 < =z < 1and 0 < § < 1isameasure of the
amplitude of theinitial disturbance. We look for a solution of Equations (1.7)—(1.9), with the
initial conditions (2.1) in the form of

1
a(z,t) = — + da(x
(z,1) p +da(w,t) + -, 22)

b(z,t) = p+ 6b(z,t) +
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wherea, b areof O(1) asé — 0.
After making these substitutions in Equations (1.7)—(1.9) and neglecting terms of 0(62),
we obtain the linear equationsfor a, b

ga . -
o 9% b, -

on0 <z < landt > 0, subject to the initial and boundary conditions

{ a0.t) =a(l,t), @:(0t) =ax(11),..., 26)
b(0,t) =b(1,t), by(0,t) = by(1,¢),
Boundary conditions (2.6) suggest that we look for a solution in the form
a(z,t) = Z{an(t) cos(2nmz) + by (t) Sin(2nmz)}, 2.7
n=0
Z{cn cos(2nmz) + dy,(t) Sin(2nmz)}. (2.8)

When these expressions are substituted in the linearized system (2.3)—(2.4), we obtain the
system of linear ordinary differential equationsfor the Fourier coefficients a,,, by, ¢, dy,

(da
dtn +u an—i—ZCn—O
% + 1%y + 2d, = O,
q (2.9
CTtn + (k —Den + Yndn — Nzan =0,
dd,,
ot + (k 1)dn — TnCn — lf'zbn =0,
where k2 = 472n?) and y,, = 2mne. (2.10)
The solution to Equations (2.9) is obtained as
an (%) A,
b (t B
w0 | _ | B exp(wnt), (2.11)
cn(t) Cn
dn(t) D,

wherew,, = wy, (kn, i, ¢) and A,,, B,,, Cy,, D), are constants (possibly complex). On substitut-
ing (2.11) in Equations (2.9), we find alinear algebraic system for the A,,, B,,, C,,, D,, which
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has a nontrivia solution, provided each w,(n = 0,1,2,...) satisfies a quartic polynomial
equation. This gives the dispersion relation, which we can write as

(B + 20%)% + o272 = 0, (2.12)

where o, = wy, + p? and B, = w, + k2 — 1. The dispersion relation (2.12) can be factorised
into

wrzL + (Pn — in)wn + qn — 7;')/n,uz =0, (2.13)
wh + (P + iYn)wn + gn + iap® = 0. (2.14)

for al n > 0, where we havewritten p,, = k2 + 2 — 1, g, = p?(k? + 1) > 0. We notice that
pn = 0,9, >0fordln >0andp, =0ifandonlyif n =0, = 1.

If we denote by w! (i = 1,2,3,4,...,n = 0,1,...) the four roots of the dispersion
relation (2.12) then the solution to the linear initial-boundary value problem (2.3)—(2.6) is
readily obtained as

00 4
a(z,t) =Y { lz Al exp(wﬁbt)] cos(2nm) +

n=0 i=1

4
Z B! eXp(w;t)] Sin(2mr:v)} ,
= (2.15)

24: Dt eXp(w;t)l Sin(2n7m)} ,

i1=1

00 4
bz, t) =) { [Z o exp(w};bt)] cos(2nmz) +

n=0 =1

for0 <z < 1,t >0 Here AY,B., C. D!, (i = 1,2,3,4,n = 0,1,2,...), are constants
related to the Fourier series expansions of theinitial perturbation.

We now proceed to examine the dispersion relation in detail.
2.1. THE DISPERSION RELATION

The roots of Equation (2.13) can be expressed as a pair of complex conjugates

wh? = oF —inT, (2.16)
where
1 1
or =3 {—pn 5l =+ (B = 2% + 427 — L= 2 2} N

1 1
= 5 { ek R = B+ 0F — B+ a2 - 1R (218)

Here E,, = p2 — 4q,,. For Equation (2.14) the two eigenval ues are given by
Wt = oF Lint, (2.19)

so that w}? = w34, where the overbar denotes the complex conjugate operator.
It isreadily established that
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(i) mo # 0,mF #0(foraln=1,2,...), except when ¢ = 0. Note that nJ can be zero for
some i, > 1 with

Eo= (2 —1)%— 42 >0, (2.20)
(i) o, <0, o020, of>0,, fordln=012,.... (2.21)

n

We note that o # O for Ey > 0.
From (i) and (ii) we havethat w?, (i = 1,2, 3, 4) are always complex (for n > 0) and
that only Re{w!} = Re{w3} can be positive.

(iii) ;" has an horizontal asymptote when ¢ — oo(y, — 00). (2.22)
(iv) foreachn = 0,1, 2, ..., thereisat most one ¢ = ¢, such that
n do,t
op () =0 and @((ﬁc) > 0. (2.23)

The proof of (iii) and (iv) requires knowledge of the neutral curve and thisiswhat we now
discuss.

2.2. THE NEUTRAL CURVE AND STABILITY

We can most easily find the conditionsrequired for local temporal stability of the steady-state
S by constructing the neutral curve. Thisis defined in the first quadrant of the (k,,, ¢)-plane
as the locus of those points for which Re{wl}(= Re{w3} = o;f) = 0 and is the curve
which divides the quadrant into regions corresponding to exponential growth (or decay) of
the modes a,,(t), b, (t), cn(t), dn(t),(n = 0,1,...). On using either (2.13)—«2.14) or (2.17)—
(2.18), together with (i), (ii) above, we substitute for w,, = in),j € {—,+} and find the
following form for the equation of the neutral curve

A(KZ 4+ p? — 1)%(1+ k2)

1
k2(1— k2) B
¢2(kn) = (2.24)
MZ (L + KZ) 1
1-k2 p==

As can be seen from expression (2.24), the neutral curve hasavertical asymptoteat &, = 1
and, for ;. > 1, avertical asymptotealso at k,, = 0. In both casesit existsonly for 0 < &, < 1.
Graphs of the neutral curve for representative values of 1 are given in Figures 1(a) and 1(b),
corresponding to the differing cases » > 1 and . = 1. The neutral curves have aqualitatively
similar convex shape for all ;» > 1. For . = 1 the neutral curve is monotonically increasing.

We can establish that the neutral curveis convex for all x> 1 with an unique minimum in
(0, 1). To do so we work with the function

(y+ 1% —1)*(1+y)

JA=1) (2.25)

fly) =

on0 < y < 1, where we have put y = k2. From (2.25) it is straightforward to show that

(202 = 1)y° + 3(p? — 1?2 — 3(u? — 1y + (u* — 1)°

A=) (2.26)

) =
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Figure 1. Neutral curves (2.24) for the two cases: (a) u > 1 (here plotted for p = 2); (b) u = 1.

The numerator in expression (2.26) is positive for all 0 < y < 1, > 1 hence f” > 0 on
(O, 1). Thisestablishesthat f isconvex on (0, 1), implying that ¢. isaswell.

To obtain the minimum value of ¢ in (2.24) we notice that putting f/(y) = 0 is equivalent
to solving

—y®+ (WP + Dy + (2u® — Ly — (W — 1) = 0. (2.27)

We can obtain the value of that unique i, = v, (12?) in (0, 1) which satisfies (2.27) by using
Cardano’'s formula. When we substitute for this value in f (and so for ¢), the expression
obtained is of little use in practice. However, we can give some results which describe the
behaviour of . (u?)

(i) ve(pu?) <vV2-1. (2.28)
To see this we express Equation (2.27) in the form

B 2
e = CCER) < . (2.29)

Then for this to be positive (with 3, < 1) we must have the denominator positive and the
result follows.

(i) y.=0 when p=1 (2.30)
(iii) y. increases monotonicaly with . (2.31)

To show this, we consider the function h(y, ) defined by Equation (2.29) on0 < v, < v2—1.
Then

(y)* + 4(y.)° — 6(y.)? + 4y, + 1

U e (YW g 1

>0
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Figure 2. A graph of y.(u?), the abscissa of the unigue minimum on the neutral curve given by (2.24) for ;i > 1.
Asymptotic expression (2.33) is shown by the broken line.

on itsdomain, with avertical asymptoteat v, = v/2 — 1, and the result follows.
It is also straightforward, using standard perturbations methods, to show that

ye(p?) = (P — 1) — 4(p* = 1>+ 24(p* = 1)°+ -+, as p— 17, (2.32)

4_3‘/§+31_22\[2+
2 \/EN'A' ’

In Figure 2 we plot agraph of y, (11?) against 4% which showsthe monotone behaviour and the
horizontal asymptoteat v/2 — 1 as 2 — oo; the broken line shows the asymptotic expression
(2.33). To complete the description of the neutral curve we notice that a special case occurs
when ;1 = 1. As i decreasesto 1, expression (2.32) shows that the vertex (minimum) of the
neutral curve gets closer to zero, while still preserving the convex shape. When i = 1, the
curve now connects the point (0, 0) monotonically to the point at infinity along the vertical
asymptoteat k, = 1.

Thisdiscussion givesaclear picture of the form of the neutral curvefor all valuesof p > 1.
Any point below the neutral curve has Re{w!} < 0,7 = 1,3, (corresponding to a stable
uniform state), while any point aboveit has at least one eigenvalue with Re{w?} > 0 leading
to (linear) instability.

For given values of ;s and A let M be the unique integer such that

A M2\ < y.(p?) < 4r2(M + 1)) (2.34)

Since the stability of the steady-state S requires Re{w;, (kn, 1, \)} = o} (kn,p, A) < O for
eachi = 1,3 and for eachn = 0,1,2,..., it is clear from (2.24), (2.34) and the above
discussion that the necessary and sufficient condition for the local temporal stability of S is
provided by

y*(ﬂz) =Vv2-1+

as pu — oo. (2.33)

¢ < d2" (1, A) = min{gy, b}, (2.35)
where
ANAT2 M2\ + p? — 1)%(1 + 4w M2)\) M0
af — A2 MP2X(1 — 4m2M2N) ’ ’ (2.36)

0, otherwise,
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MATH(M + 122+ p2 — DXL +4r* M+ D)) 0 1
o 472(M + 1)2X(1 — 472(M + 1)2)) ’ 2V (2.37)
0, otherwise,
with M given from (2.34).

We conclude that, for each ¢ < ¢, every term in (2.7)—(2.8) decays exponentially as
t — oo and any small disturbance imposed upon S will die avay. However, if ¢ > ¢, there
aretermsin (2.7)—(2.8) which grow exponentially ast — oc and the systemwill divergefrom
the spatially uniform stationary state .S when perturbed. Thus we restrict attention to the case
where ¢ > ¢ (1, X).

We are now in a position to consider the possibility of nontrivia pattern formation in our
system, i.e. to take account of circumstances under which a small amplitude-disturbance to
the stationary state S will evolveinto asmall, but finite amplitude, spatially and/or temporally
stable periodic state. Aswe will seelater, any such bifurcation will produce a spatio-temporal
symmetry-breaking, leading to the appearance of a both spatially hon-homogeneous and
temporally periodic pattern in the form of a periodic travelling wave.

2.3. LOCAL BIFURCATION THEORY

We first establish that the neutral curve corresponds to Hopf bifurcations, i.e. for each fixed
n=0,1,..., thesystem undergoes aHopf bifurcation at ¢ = ¢.(k,), given by (2.24), where
o = 0 (= Re{w!},i = 1,3). In doing so we will also complete the proof of the properties
(i), (iv) of the eigenvalues given by (2.22), (2.23). It is straightforward to show that, when
o =0

n
—y =Im{wp} = 3(m + /72 +44:) >0, i=13 (2:38)

It is again easy to see (from (2.17)) that ¢ < ¢ (¢ > ¢.) if and only if o} ($) < o) ()
(respectively o, (¢) > o, (¢.)) which provesthe uniqueness of ¢.. We also need to establish
the transversality condition

do,t
b (¢c) > 0. (2.39)
To do so, we start by noting that
Jim ot (y) =1-k2 > 0. (2.40)

We then assume the contrary, i.e. that do;'/dp(¢.) < O. This implies that o, is localy
decreasing around ¢ = ¢,.. Consequently there is a number ¢! such that ¢, < ¢! and:
0=05(d) > o(¢). But o (¢!) # 0, because there is a unique ¢, for given k, and given
values of the other parameters. Thus o;} (') < 0. However limy_,, o, (¢) > 0 from (2.40).
Thusthere must be a ¢? > ¢* such that o;F ($?) = 0, which is a contradiction.

The conditions for a Hopf bifurcation at ¢ = ¢.(k,,) are satisfied (see, for example, [18,
Chapter 11]) and a unique limit cycle with amplitude of O(|¢ — ¢.|¥?) for |p — ¢.| <
1 is born as the neutral curve is crossed. The stability of this limit cycle needs further
consideration and will be addressed below when we consider a weakly-nonlinear analysis.
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The oscillatory behaviour of the Fourier coefficientsin (2.7)—2.8) (or the purely imaginary
nature of an !, (i = 1,2,3,4) in expressions (2.15)) corresponds to travelling waves in
the origina reaction-diffusion-convection system. Thus this DIFICI instability givesrise to
spatio-temporal structuresin the form of travelling waves at the primary bifurcation from the
spatially uniform stationary state S.

Further information about these bifurcation points can be given at this stage. By definition
the first bifurcation occurs at ¢ = ¢ when k, = k£ corresponding to the integer (see
(2.35)—2.37))

07 51762 = 07
nM = Ma 51 < 523 (241)
M+1, ¢ > b

We have
M ) 1
1 1
M_ .
M_2 if A 1 2.44
m =2 g2 <A S g2 (2449

(for (2.44) see Section 3, relation (3.29)) and so on.

We can a so give information about the number of local bifurcationsoccurringin ¢ > ¢M.
From (2.24), (2.37), (2.42) we have that, if A\ > 1/4x2, then the only local bifurcation point
ing > oM isthat at ¢ = ¢ = 0 which correspondsto = 1,kM = 0. Thisleadsto a
gpatially homogeneous, temporally periodic solution which is stablewhen 0 < 1 — p <« 1.
This corresponds to the limit cycle of the well-stirred system and we would expect only
homogeneous(trivial) pattern formation in our systemfor ¢ > 0asno further local bifurcation
can appear in this range. For ;> 1 (and ¢ = 0) the steady-state S' remains locally and
absolutely stable. However, for A < 1/4r2, the total number of local bifurcationsin ¢ > ¢M
is N, where N isthe uniqueinteger defined by

—1<N< (2.45)

L L

27V A 2V
Thus, the linearized theory has enabled us to identify the bifurcations pointsin ¢ > ¢ . The
nature of the bifurcation and the spatially non-uniform structures to which the system could
evolvewhen the stationary state S is unstable can be determined only by aconsideration of the
full nonlinear problem. To treat this aspect we start by deriving a weakly-nonlinear analysis
valid close to ¢. and extend this by numerical solutions of Equations (1.7)—1.9).

3. Weakly-nonlinear analysis

We start by considering the solution near the Hopf bifurcation points identified above to see
how the small linear growth rate for conditions closeto neutral stability can be balanced by the
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weak nonlinear decay to produce equilibrated patterns at small amplitude. We have seeninthe
previoussection that, in order for the systemto bifurcatelocally to a stable non-homogeneous,
temporally periodic (flow-generated) pattern, we must have ; > 1and ¢ > 0. This, inturn,
gives a necessary condition for the local bifurcation to stable pattern forms that

472\ < 1, p> 1. (3.1)

We will now supposethat i, A satisfy these conditions. In this case each bifurcating solution
with awave number &, = 2nmv/), (n = 1,2,...) corresponds to a bifurcation value of the
parameter

A(K2 + p? — 1)%(14 k2)

- 1) &2

¢$L(kn) =

For (3.2) we require that k2 = 4m%n°\ < 1. We now consider values of ¢ such that 0 <
| — ¢n| < 1 and construct an approximation for the new bifurcated pattern valid at least for
¢ in this weak nonlinear limit. Also in this case we will consider that the pattern is obtained
by evolution from initial conditionswith only the wave number k,, present.

The method we useis similar to that described in [15] and [16]. We begin by putting

b= bn +€2p, O<e< 1, (3.3)

with ¢, given by (3.2) and where p € {—1,1}. Specificaly p = 1 when the new pattern
bifurcates initialy into ¢ > ¢, or p = —1 when the new pattern bifurcates initially into
¢ < ¢p. The next step is to expand the solution about the stationary state .S in powers of ¢.
At O(£%) we find that the cubic nonlinearity reproduces the fundamental neutral mode as an
inhomogeneous forcing term rendering the expansion non-uniform when ¢ is of O(¢~2). We
remove this difficulty by using the method of multiple scales[19, Sect. 3.6], where we allow
our solution to depend on the slow time 7 = £2t. This has the effect of removing the secular
terms which arise at O(£%). Thus we start by putting

1
a(z,t,7) = = + a1e + age?® + age + - -,
W

(3.4
b(x,t,T) = p+ bre + bpe? + bge> + - - -,
where the coefficients a;, b;, are dl functions of x and the two time variablest and 7.
We introduce the linear matrix differential operator
% + ,u2 2
L=L,= ) . (3.5)
— 12 2 — )\a_ + ¢ 3 -1
a ot o2 oz

Also we recall that wf = w,(¢n) = —in, with —n, > 0 (see (2.18)). In the sequel we
shall denote (for convenience) —n,, = 7, > 0. The leading-order terms satisfy the linear
homogeneous problem (2.3)—(2.6) with ¢ replaced by ¢,,. That is

(@)= (° 36
(0)=(s): e
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The solution of these equationscan bewritten intermsof Fourier serieswith all wave numbers
present. However, with ¢ closeto ¢,, andfor initial conditionswhich contain only the particular
wave number k, (with ¢, given by (3.2)), there is only a neutral mode. Consequently our
solution will approach this mode in the limit as¢ — oo and from (2.15) we find

a1 A exp(in,t) + Az exp(—in,t)
= . ) cos(kx)
b1 Crexp(in,t) + Coexp(—in,t)

B exp(innt) + B> eXp(_innt) .
, . sin(kz),
D1 eXp(Znnt) + Dy eXp(_Znnt)

with & = k(n) = 2nw. Here A;, B;, C;, D;, (1 = 1, 2) are the Fourier coefficients which are
mentioned in (2.15) and from the linear algebraic system we find that they satisfy

Aq . B, -2 Ao . By -2 D, . D- .

== e == =i, i. (37
Cr D1 p?+in, Co Dy p?—in, C1 C> 37)
Thus we have the solution to (3.6) in the form
d _ dy
) = A explitnt — ko)) () + A exp(—ilmt — ko) (). (38)
bl d2 d2

with dy/dp = —2/(u? + in,) and where A is, at this stage, an undetermined amplitude.

At O(£?) we have the linear inhomogeneous problem (the difference with the previous
stage being that we now have quadratic forcing terms on the right-hand side resulting from
the nonlinear interaction of the leading-order terms)

1 2
L. (Zj) _ ( ) ) (Z,ualbl—i- %) (3.9)

After some algebrawe find that the solution of this problem, inthelimit ast — oo, is

az\ _ |APE (—1\  APF (—(4k%+ 1+ 2i(n0 —7a))
b2 B /1'2 0 A 2i77n

x eXp(2i(nnt — kz)) + c.c. + B ( Zi > (3.10)

where B is afurther function of the slow time 7 and where
F = 2udidy + %%, E = 2u(dydo + dudy) + 2|d—2|2, (3.11.1)
A = (8k% + 1)p® — Ao (0 — Vo) + 2i[nn (4k5; + p° — 1) — yup). (3112

At O(£%) we find again a linear inhomogeneous problem, but now the right side contains
forcing terms arising from the nonlinear interaction of the previoustermsin the expansion

(i) =3 () (0 9) (%) ()

2
X <2u(a1b2 + aghy) + ﬁblbz + alzﬁ) . (3.12)
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At this stage it can be seen that, when analysing the nature of the solution to this equation
att — oo, we find resonant terms. They can have various possible sources, but our method
allows usto remove them and, following the method of multiple scales, we equate these terms
with zero. This leads to an equation for the complex amplitude A(7) which is the Stuart—
Landau amplitude equation associated with the corresponding DIFICI bifurcation. In fact this
is equivalent to applying the solvability criterion for the linear operator L.

This complex amplitude is most conveniently expressed as

A(1) = R(r) exp(if(1)), (3.13)

where R > 0 and 6 are the real, slowly-varying amplitude and phase. We obtain, after along
but straightforward calculation, that

dR
P CR(a1R? + p1p), (3.14)

where C' is aconstant, positive for all values of the parameters, given by

A + 202 (ki — k) + (KZ — 1)%)

= 1-R2) |
and where
=gt ((11—+k272;lE]132—(k§£ IZ;,‘I; fﬁ’l’?}ﬁé) ’ (319
where
Py(KkZ) = 36k — 32k3 + 3k — 18k7 + 15k2 — 4, (3.16)
Ps(k2) = 24k8 — 76kS + 18k} — 7kZ + 1, (3.17)

1+ k2
Br = (8nm)u® 172 > 0. (3.18)

Reusing, for simplicity, the notation y = k2,0 < y < 1, we note that

P> = (y — 1)(36y* + 4y3 + 7y? — 11y + 4),
P3 = (6y — 1)(4y® — 12% +y — 1).

Consider Equation (3.14) with an initial condition R(0) = Ry > 0. If az < 0, we take
p = 1, so that the bifurcated pattern form starts, initialy at least, in ¢ > ¢,,. From (3.14) we
find that

R3A

2 _
i (T) B (Bl + Oleg) exp(—2617) — Oz]_Rg’

(3.19)




90 RA Satnoianu et al.
0.3+
0.25-]
02

0.15—

1/
0.1

0.05- y=1/6

v

0.0 T T T T T T T T 1
0.0 0.02 0.04 0.08 0.08 a1 0.12 0.14 0.16 0.18

y
Yolte)

Figure 3. A graph of F(y) = Ps(y)/(—P2(y)), where P>(y) and Ps(y) are defined from (3.16-3.17). y* = ¢ is
the only zero of Ps(y) on (0, 1). The broken lineindicates the values of ;=2 at which a; = 0.

and we deduce that the nontrivial steady-state of Equation (3.14), which corresponds to an
oscillatory solution in the original problem

R, = |§—1| (3.20)

is stable. However, if a1 > 0, we take p = —1 and the bifurcated pattern appearsinitialy in
¢ < ¢n. A further consideration of Equation (3.14) showsthat, in this case, the solutionis

R361
alR% — (alR% — ﬁl) exp(2617)

and the nontrivial steady state R, = /(1/«1 isunstable with thetrivial steady state, R; = 0,
now being stable.

This leads us to consider the function a3 = a1 (y) for 0 < y < 1. It is clear that its
denominator is positive. We also find that P, < 0 for al y in (0,1) and that P3 = O has
only one solutiony = y* = % in (0,1) with P3 > Ofor y < y*. For given . > 1itis easy
to see that g(y) = Pa(y) + u?Ps(y) < 0if 1 < pu < 2 and for 4 > 2 there is an unique
y = yo(p) in (0,y*) suchthat g(y) = 0. To seethis, we have plotted the graph of the function
F(y) = Ps3(y)/(—P»(y)) in Figure 3 from which we observe that «; = 0 if and only if
F(y) = 1/p~2. This clearly has an unique solution y = o (1) for given . > 2 (atypical
exampleisillustrated in Figure 3). We conclude that

R?(1) = -0 as 17— 00

a1 <0 if l<pu<2 andadsoif p>2 for yo(pu) <y <1,
and
a1 >0 if pu>2 for 0 <y <yolu). (3.22)

The phase equation is found in asimilar manner as

@ _ aoR? + [, (3.22)
dr
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with R given by Equation (3.14) and where

8.8 Py +puPPs(y) 1+y
0ol = =30 (1-92l-y+42+43 | 1-y’ (3.23)

with

Py(y) = 36y° + 28y* — 69y° + 7y? — 3y + 1,
Ps(y) = —24y* + 16y° — 6y — 6y + 4

and

(12 +y — y?)
(1-y)? =

Equation (3.22) can be integrated once R is known from Equation (3.14).

This discussion leads to the following conclusionsfor pattern formation as the parameters
¢, 1, A of our system are varied (we will denote by ¢,,; the value of ¢ at the bifurcation
value with wave number k;). Take first the case when only the first mode (n = 1) has linear
growth with the uniform state being stable to all other modes (n = 2, 3,...). This requires
the condition

Baly) = C(8nm)u® (3.24)

I <4rh <1 (3.25)

Henceinthiscasey > ;11 > y* and the bifurcation is always supercritical (stable). From (3.8),
(3.23) we find the form of the solution branchesfor a and b to be asfollows

a(z,t,€) = it + AR(7) CoS(nut — kx + 6(7)) (¢ — ) Y2 + - -,
b(z,t,€) = p+2\/n2 + pAR(7) cos(nt — kz + 0(7)) (¢ — pn) Y2+ -+ -

In the limit of ¢ — oo equilibrated pattern forms are obtained from (3.26) if we replace
R(7) with R, (given from (3.20)) and 6(7) with 877 + 6 (Ao is an arbitrary constant) where:
07 = apR2 + f3,. These solutions are periodic travelling-wave solutions of our system with

(3.26)

amplitude A? = 2R, (¢ — ¢pp)Y2 + - -,
2 (3.27)
M+ 03 (= dn) + -+

Both solutions are dependent on an arbitrary phase g (this is to be expected, as our system
is invariant to the change of co-ordinates: x — = + p mod(1)). From (3.27) we have that
A" is of O(|¢ — $n|Y?), while the correction to the period is O(|¢ — ¢n|) 8 ¢ — ¢n.
A graph of the amplitude R, (as given by (3.20)) with respect to the first wave number
(k1 = 2mv/\, 1/167% < X < 1/4x?) isshown in Figure 4.

Next consider the casewhen the dimensionless parameters are such that thefirst two modes
cangrow (n = 1, n = 2) with al the other modesremaining stable. Thisrequiresthe condition

period T, =

L<ariy< L. (3.28)
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Figure4. A graph of R, asgiven by (3.20), against the first wave number k;.

Now for given p > 1,y = 42 canliein one of theranges: 3 < y < yo(u), yo(p) < y < 3.
We will show now that in either case the primary bifurcation from the stationary state S is
aways supercritical (stable). In fact from (3.20)—3.21) this needs to be proved only in the
casewhen s > 2and § <y < yo(p). Alsointhiscasewehave k3 = 4y > ¢ > 1, sothat the
only possible subcritical bifurcation arises at ¢ = ¢,, 1. However, we have the inequality

b1 > dn2- (3.29)

To establish this result we require to show, on using expression (2.24) for ¢,,.1 and ¢,, » that

pry=1\"_ (1+4y)(1-y)
<u2+4y—1> 41— 4y)(1+vy)’ (3.30)

for § <y < &. Consider

_ [ (A+4)(A-y)
W= \/ AT 4T+ )

(clearly G(y) < 1on0 < y < y* = ). Then (3.30) can be written as

p 2 < H(y) for §<y<uyolp) (3.31)
where
H(y) = 5 W)

(dy —1)G(y) +1—y

Wefind that H is strictly decreasing, so that H(y) > H(yo(u)) for y < yo(u). From (3.21)
it only remains to compare H (yo(p)) with F'(yo(u)). A consideration of the difference H-F'
showsthat it is always positivein (0, y*), which completes the proof of (3.29).

An examination of the above proof shows that it is in fact valid for al 0 < y < y*, sO
that we have in general that ¢, 1 > ¢, 2. From this we can immediately deduce that the
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first bifurcation is also supercritical in the case with three unstable modes (we note that this
requires & < y = 42X < &, butwehavekZ = 4y > 3 > y* and k3 = 9y > 2 > y*). We
are able to extend this result to show that the primary bifurcation is supercritical whenn > 7.
To do so, we nhote that the first bifurcation corresponds to the integer M as given by (2.34),
(2.41). We need to provethe required result only when i, > 2 and on using property (2.31) for
y*(,uz), we have

yn =AM + 1)°1°\ > y,(4?) > y.(4) = 0-348- - = y1. (3.32)

Now the general condition for unstable modesis

1

TR < 4nP) < = (3.33)
Combining (3.32), (3.33) we then have that M > n,/y1 — 1. In this case we see that
yrm-1 = 4M?r?X\ > 1 = y* provided that n > 7-751. We are unable to prove this general
property of the first bifurcation directly for the remaining cases n = 4,5, 6, 7. However,
numerical evidence strongly suggeststhat it istrue in these particular cases as well.

We can now complete this discussion by summarising the general case when any finite
number of modes become unstable:

e If 1 < p < 24l the bifurcations from the branch of the steady-states .S are supercritical
and thus, at least initially, the new bifurcating solutions are partially stable. This means
that these patterns are temporally stable to perturbations composed of all except afinite
set of wave numbersk,, . Infact this set of wave numbers, to which the bifurcating patterns
are unstable, isincluded in the set of wave numbers associated with bifurcations at values
smaller than or equal to ¢.

e If ;4 > 2the primary bifurcation still remains supercritical, while the secondary, tertiary,
etc., bifurcations from the branch of the stationary states .S will produce partially stable
solutions which are locally subcritical if they start at ¢ = ¢,, ; with the corresponding
wave number k¢, such that a1 (y) = a1((k%)?) > 0 and supercritical otherwise.

4. Numerical results
4.1. NUMERICAL METHOD

We use a combination of two numerical procedures which enables us to check the analytical
results of the previous sections and also to extend the bifurcating patternswell away from the
bifurcation points. The first procedure used was the spectral decomposition together with the
numerical continuation package PATH [20]. This procedure has several major advantagesin
that it

(i) findsvery accurately the primary bifurcating points;
(if) calculatesthe temporal eigenvalues at each point and thus the stability of the solution is
determined;
(iii) allows usto plot ameasure of the solution and to construct the bifurcation diagrams.

Thesecond method wasto obtain compl ete numerical solutionsfor thefull initial-boundary-
valueproblem (1.7-1.9). Animplicit Crank—Nicol son discretization method wasused inwhich
the derivativesin time were replaced by forward differencesand al other terms averaged over
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the time step. In these equations space derivatives were replaced by central differences.
We solved the resulting sets of nonlinear algebraic equations using the Successive-Over-
Relaxation iterative method which was deemed to be convergent if

Aal®) = max{|al(s) — a(.sfl)|, i=1,...,n} <e, (4.1)

AV = max{|p =V =1, n) <, (4.2)

where: n is the number of the grid points used in the discretization of the interval (0, 1), the
notation ( ); means the value of the solution at the grid point z;, the superscript s is the order
of iteration and ¢ is ameasure of the accuracy, typically e = 10~°. This procedure was found
to converge quickly, usually taking between five and ten iterations at each time step. Care
was taken in order to ensure that the numerical solutions were independent of the mesh size.
Values of n = 100 (giving Az = 0-01) and a time step, d¢ = 0-0025, were used for the
results which are presented. We present our bifurcation diagrams, using (0, ) as a measure
of the solution and for simplity we present only the upper branches of these solutions. (For
non-uniform states there is also a corresponding lower branch, which is qualitatively similar
to the upper branch.)

4.2. NUMERICAL RESULTS

We illustrate the different cases that were found from our weakly-nonlinear analysis. Take
first the case when only the first mode with the wave number k1 is unstable. Thus we have
%1 < k? < Landinthiscasethe only possibility isasupercritical primary Hopf bifurcation. To
illustratethiscase, wetook A = 0-01, 1 = 2, giving ¢,, 1 = 0-82022. Thebifurcated travelling-
wave-solution branch obtained from PATH isgivenin Figure 5(a). The stable pattern emerged
at ¢, 1 iNto ¢ > ¢, 1 and remained stable for all the ¢ computed (up to ¢ = 75). We also
present a comparison between the analytically and numerically determined values of (0, t)
for ¢ closeto ¢, 1 in Figure 5(b). The analytical amplitude is obtained from (3.26), (3.27) as

Ap = 20/n2 + p*Ry (¢ — pn1) Y2,

where here R; = 0-25073 and n,” = 6-0723. The two values are in good agreement close
to ¢n,1 and diverge slowly (as expected) as ¢ is increased. PATH also gives the period for
each value of the parameter and this was also found to be in very good agreement with our
analytical results (3.27). The travelling waves profiles for arange of values of ¢ for this case
are shown in Figures 5(c) (for ) and 5(d) (for b) with these profiles being plotted after a
sufficiently long time had passed for any transients to have died out. These figures show that,
in each case, a single period travelling wave is produced in which the amplitude of the wave
in o decreases as ¢ isincreased (by ¢ = 75-0 this wave is almost indistinguishable from S).
The concentration b undergoes greater variations and this remains so as ¢ is increased.

Next consider the case when the modes with wave numbers k1, k> become unstable. We
have seen that there are three cases to consider, namely when 1 < p < 2 with al the
bifurcations from the steady-state solutions S being supercritical and when > 2 with
two different cases depending on whether yo(u) < k3 < %1 (with all the bifurcations being
supercritical) or 5—13 < k? < yo(p), QiViNg ¢p1 > b2, (With the bifurcation at ¢, 1 being
subcritical). Thefirst case (1 < p < 2) isillustrated in Figure 6 where we took a case when
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Figure 6. Bifurcation diagram for p = 2.0, A = 0-003 (two wave numbers unstable); e represents the primary
Hopf bifurcation; B represents secondary bifurcations.

% < k? = 01184 < yp in order to compare it with the similar case when 1 > 2, taking

values A\ = 0-003 and p» = 2 (giving ¢, 1 = 0-559, ¢,, » = 0-4625) being used for this figure.
Here the bifurcation diagram is more complicated. The primary bifurcation is at ¢, » and
produces stable patternsin ¢ > ¢,, ». These lose stability at ¢ = 1-05 at a secondary Hopf
bifurcation point and remain unstable as ¢ is increased. The unstable, secondary branch of
solutions emerging at ¢,, 1 into ¢ > ¢,, 1 becomes stable at ¢ = 0-565 at another secondary
Hopf point with this branch of solutions remaining stable as ¢ is increased to large values.
Thus, we have a parameter region with multiple locally absolutely stable patterns, a situation
different to the previous studies of this model in the absence of the flow [15, 16, 17].

Stable travelling waves arising from the primary bifurcations areillustrated in Figures 7(a)
and (b) (for ¢ = 0-5). Here we can see adoubly-periodic structureto the pattern form resulting
from this primary bifurcation being associated with the wave number k,. Stable patternson the
secondary solution branch are illustrated in Figures 7(c) and (d) (for ¢ = 2). These show the
single periodic behaviour associated with bifurcations with wave number k1. The existence of
thetwo stabletravelling wavesisillustrated in Figures 7(e) and (f) where we plot concentration
profilesfor ¢ = 0-8. These are both stable, the singly-periodic wave emanating from ¢y, 1 and
the doubly-periodic one from ¢,, ». This figure shows that the profiles for the doubly-periodic
waves have asinusoidal form, whereas the singly-periodic waves have aramp-like form for a
and apulse-likeform for b. This becomes more pronounced as ¢ isincreased (see Figures 7(g)
and (h) where we plot profilesfor ¢ = 25.0).

The second possibility isillustrated in Figure 8, where we took 1 = 3, A = 0-0043 giving
¢n1 = 1:5433, ¢, 2 = 1:5796. In this case k? = 0-1697 > yo(1) = yo(3) = 0-1242 and
both branches start in the supercritical parameter region. This situation is very similar to the
case when only the first mode is unstable. Despite starting at very close bifurcation points,
the unstable oscillatory solution born at ¢,, » does not interact with the stable pattern arising
at ¢p 1.

The third possibility isillustrated in Figure 9(a), where we have taken , = 3, A = 0-003
so that ¢,, 1 = 1-455, ¢, » = 1-128. Here the picture is very similar to the caseillustrated in
Figure 6. The main difference is that now the unstable pattern starting at ¢, 1 goes initially
into ¢ < ¢,,,1 inavery narrow region. This accords with our nonlinear analysis, because in
this case we have § < k2 = 0-1184 < yo(u) = y(3) = 0-1242 < £ (see Figure 9(b) where
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Figure 9. (@) Bifurcation diagram for u = 3-0, A = 0-003; (b) a magnification of the branch at ¢, 1 to show that
it emergesinto ¢ < ¢ 1.

we give a magnification of the portion of the diagram in Figure 9(a) to show more clearly
the subcritical case). There then follows a saddle-node bifurcation which turns this solution
branch to the right with respect to the direction of the parameter.

Concentration profilestoillustrate this case are shown in Figure 10. In Figures 10(a) and (b)
we plot the stable, doubly-periodic wave emerging from ¢,, » (for ¢ = 1-2) and Figures 10(c)
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and (d) we plot the stable, simply-periodic waves emanating from ¢,, 1 (for ¢ = 4-0). In
Figures 10(e) and (f) we plot the two travelling waves that are stable for ¢ in the interval
of multiple solutions (i.e. from ¢ = 1-455 to ¢ = 2-528), here we have taken ¢ = 1.7.
For larger values of ¢ the ramp-like structure (for a) and pulse-like structure (for b) for the
single-periodic waves observed previously (Figure 7) are also seen in this case.

5. Conclusions

We have considered the instabilities that can be induced in a system based on the cubic-
autocatal ator reaction-kineticsmodel by the differential flow of the chemical species. We have
assumed that the reactant is supplied to the system at a constant rate from some precursor
present in excess and that this reactant is effectively immobilised within the system, with
only the autocatalyst being free to flow (at a constant rate) and to diffuse. We have identified
conditions under which the system, stable without the flow of the autocatalyst, can undergo a
linear instability astheflow rateisincreased (characterised by our dimensionlessparameter ¢).
Thisinitial linear growth has been shown to equilibrate at finite (nonzero) amplitude patterns
by aweakly nonlinear analysis(valid closeto the bifurcation points) and by numerical methods
(using path-following methods and numerical integrations of theinitial-value problem). These
spatio-temporal patternsappear in theform of travelling waves of permanent form propagating
with a constant velocity and can have a singly-periodic, a doubly-periodic or even a higher
periodic structure depending on the choice of the parameters and of the initial perturbation.
We also found these waves to exhibit an asymmetry in that they travel only in the direction



102 RA. Satnoianu et al.

of the flow, aresult similar to that reported from numerical studies for the Puschinator model
of the BZ reaction in [13]. Several cases were followed to large values of ¢ and, in all cases,
no further bifurcations to more complex spatio-temporal structures were seen. This suggests
(though it is not possible to conclude from only a numerical search) that these travelling
waves are the only such structures that can arise in this differential-flow system when the
basic spatially uniform stationary state is unstable. These travelling waves of permanent form
are presently being considered in much more detail and will be reported in a subsequent paper.
Finally, we may add that it can be shown analytically that the differential aspect of the flow is
essential in supporting this instability: if the flow term involving ¢ appearsin both governing
equations, then the uniform state is stable for al ¢ with z > 1 and ¢ no longer plays the role
of abifurcation parameter.
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